The translational friction coefficient of a porous cylindrical disk moving in a sheet of fluid which is embedded on both sides in a fluid of different viscosity, is calculated numerically for a wide range of the relevant parameters. These results are used to evaluate the region of validity of certain asymptotic formulae which have been derived previously in the limit of small ratios of the viscosities.
Introduction
During the last five years the following problem has arisen in the context of cell membrane hydrodynamics: calculate the drag force on a protein that performs a lateral Brownian motion in a cell membranel). An asymptotic solution of this problem has been presented by Saffman2), who used the following model. The protein is represented by a cylindrical disk (radius a and height h) and the cell membrane by a plane sheet (thickness h) of fluid with a viscosity ~. The disk is constrained to move in this sheet. The sheet is embedded on both sides in another fluid with a viscosity r/'. Saffman has derived an approximate expression for the drag force, which holds asymptotically in the limit in which rlh >> 71'a. The first aim of the present paper is to estimate the accuracy of Saffman's asymptotic formula by comparing it with the results of a numerical calculation.
A very similar hydrodynamic problem arises if one considers the Brownian motion of a patch of cross-linked proteins in a cell membrane3). In this case the same geometry and the same model can be used with one exception: the disk, which now represents the patch of proteins, is porous and has a constant permeability k0. The flow of fluids through permeable media forms the subject 0378-4371/8110000-00001502.50 O North-Holland Publishing Company of a recent monograph 4) to which the reader is referred for full details. A combination of these methods with Saffman's asymptotic method again leads to an asymptotic formula for the drag forceS). In this case the condition "oh ~ "o'a for the asymptotic result is not always satisfied in realistic cases. Hence again the need for a numerical treatment arises.
The contents of this paper are organized as follows. In section 2 we briefly summarize the general theory as developed in refs. 4 and 5, and we reduce the problem to a set of coupled differential equations. In these equations two dimensionless parameters play a role:
The numerical solution of these equations for a rather wide range of (tr, 0) combinations forms the subject of section 3; the results are given in table I.
Various concluding remarks are collected in the last section. In this paper we shall generally follow the notation of refs. 4 and 5.
Theoretical considerations
Consider a Cartesian system of coordinates (x, y, z) with the z-axis along the axis of the cylinder. Shortly we also use cylindrical coordinates (r, ~b, z). The fluid with viscosity "o is located at -h < z < 0; the fluid with viscosity "O' is located at z <-h and at z >0.
First, consider the pressure p and velocity v = (vx, Vy, Vz) of the fluid in the half-space z >0. These should be solved from the linearized, time-independent Navier-Stokes equation and from the incompressibility equation under the boundary condition that at large distances from the z-axis 
Here s(r,z) is an unknown function with cylindrical symmetry which vanishes if r ~ oo or z ~ ~, and which is a solution of the partial differential equation
Second, consider the fluid in the sheet -h < z <0. In this sheet the fluid (which represents a lipid membrane in the fluid phase) consists of rod-like molecules parallel to the z-axis. Therefore the flow will be two-dimensional. In the presence of a porous cylinder one has to use the (space-time) average pressure P and the average velocity V of this flow. The flow pattern should now be solved from the Debye-Brinkman-Bueche equation in combination with the incompressibility equation, subject to the same boundary condition at infinity as v. It has been shown in refs. 4 and 5 that the solution has the form dR Vx = -v0-r~rrCOS2 th + S + r--dS Vy = -r dr cos 4) sin ~b,
Here S(r) and II(r) are two functions of r only, which have to be solved from the coupled equations
The prime denotes differentiation with respect to r. The function S(r) is related to the function s(r, z) by
Eqs. (13), (14) express the fact that the porous disk has a constant permeability k0.
Note that (12) can be solved to give
where L is a constant which can be determined by integrating both sides of (12) from r = 0 to r = ~; this gives
The x-component of the total force F which the fluid exerts on the disk is given by
where the integral extends over the volume of the disk4). Substitution of (7)- (9) gives
ko (Vo-s(a, 0) ).
Note that this formula expresses the total force on a permeable disk in terms of the value of the function s(r, z) at the circumference of the disk. This is similar to the Fax6n theorem for the force exerted by a fluid on a porous sphere which has recently been derived by Felderhof and Jones6). Combination of (20) with (18) gives
Hence the friction coefficient f is given by
and the diffusion coefficient follows from the Einstein relation
where T is the absolute temperature and kB Boltzmann's constant.
Numerical analysis and results
In order to calculate the drag on the disk one has to solve (6) subject to the boundary condition (11) For numerical treatment it is desirable to transform the first quadrant of the p, ~ plane into a unit square. This can be accomplished in various ways; a convenient transformation is ! {0__ + (25)
In these variables (7) can be written in the form O _ loo 04') + o_ oOo 04,
The transformation of the boundary conditions to these new variables is also straightforward. The unit square is covered by an equally spaced rectangular grid and the "box-integration" method of Wachspress 7) is applied to replace (27) by a set of coupled linear equations. These are solved with the ICCG (3) algorithm of 
Concluding remarks
The numerical values of the translational friction coefficient, tabulated in table I, should be compared with the asymptotic formula
which has been derived by one of us4 '5 The striking discrepancy between the experimental ~°) values for the lateral diffusion coefficients of proteins in membranes and the diffusion coefficients calculated from (28) can, therefore, not be the result of poor convergence of the asymptotic formula. We hope to discuss the biophysical consequences and physical limitations, like interface irregularity, of our calculation elsewhere").
Finally we would like to remark that a similar numerical calculation could be performed for the rotational friction coefficient, for which an asymptotic expression has been derived too~2). However, as the rotational transport coefficients of proteins in cell membranes are less important than the translational ones such a calculation will probably be of little interest.
